This paper deals with the enumeration of k-colored Motzkin paths with a fixed number of (left and right) peaks and valleys. Further enumeration results are obtained when peaks and valleys are counted at low and high level. Many well-known results for Dyck paths are obtained as special cases.
Introduction
A wide range of articles dealing with Dyck and Motzkin paths and related topics appears frequently in the literature (e.g., [1, 7, 9, 12, 13, 14, 15, 20] ). More generally, k-colored Motzkin paths [2, 17] which have horizontal steps colored by means of k colors, are of particular interest and have important applications (e.g., [3, 4, 8, 17] for k = 2 and [11, 17] for k = 3).
In this paper, several enumeration results for the set M of k-colored Motzkin paths, according to various parameters are established, with the aid of generating functions. Most of these results are known for k = 0 (i.e., for Dyck paths), while they are new even for k = 1 (i.e., for Motzkin paths).
In section 2, some basic definitions and notations referring to the set M and various parameters of it are given.
In section 3, using some simple bijections, several parameters of M are categorized into classes, the elements of which are equidistributed. Then, by picking a parameter from each class (e.g. the number of left peaks, right valleys, double rises and peaks) the generating function of M is found according to length, number of rises and this parameter, giving several enumeration results.
In section 4 (resp. section 5), parameters related to peaks and valleys at low (resp. high) level are considered. Several well-known results on Dyck paths are generalized to k-colored Motzkin paths. For example, it is shown that the parameters "number of high peaks" and "number of valleys" are equidistributed in M. This result is also shown by constructing a bijection on the set M.
Preliminaries
A k -colored Motzkin path of length n is a lattice path of N 2 running from (0, 0) to (n, 0), that never goes below the x-axis and whose allowed steps are the up diagonal step (1, 1) , the down diagonal step (1, −1) and the colored horizontal step (1, 0) which is labeled by means of k colors, k ∈ N. These steps are called rise, fall and level step respectively.
In the cases k = 0,1 we obtain the well-known Dyck and Motzkin paths, enumerated by the Catalan numbers C n 2 , for n even (A000108) and the Motzkin numbers M n (A001006) respectively, [18] . On the other hand the number of 2-colored (resp. 3-colored) Motzkin paths of length n is equal to C n+1 (resp. n m=0 n m C m+1 ), [8, 17] .
In this work we restrict ourselves to the case where k = 0, though all the results of this paper remain true for k = 0.
It is clear that each k-colored Motzkin path is coded by a word
Motzkin word, so that every rise (resp. fall) corresponds to the letter a (resp.ā) and every colored level step corresponds to a certain ] is denoted by M n,r . In particular we write D r = M 2r,r for the set of Dyck words of length 2r.
It is clear that each non-empty word u = u 1 u 2 · · · u n ∈ M can be uniquely written in either of the forms u = β ν z, or u = awāz, where w, z ∈ M and ν ∈ [k].
It follows that the sets A = {u ∈ M : u 1 = a} and
where is the empty word, form a partition of M.
For a parameter q defined on M we will denote by F q the generating function of M according to the parameters l, r and q i.e.,
Similarly, we denote by A q , B q the generating functions of A, B respectively, according to the parameters l,r and q.
If q(u) = 0 for all u ∈ M, then by F (x, y), A(x, y), and B(x, y) we denote the generating functions of the sets M, A and B, respectively, according to the parameters l and r.
Using the partition {A, B} of M, we obtain at once the following equation ([17] , Proposition 3.1).
and the coefficients of the powers F s (x, y), s ∈ N * are given by the formula:
Two parameters
A point of a k-colored Motzkin path is called peak (resp. valley) if it is preceded by a rise (resp. fall) and followed by a fall (resp. rise). A left peak (resp. left valley) is preceded by a rise (resp. fall) and followed by either a level step or a fall (resp. rise). Obviously, a point of a k-colored Motzkin path is a peak (resp. valley) if and only if it is both left and right peak (resp. valley). The right peak and the right valley are defined in an analogous way. A peak or a valley is at height k if its y-coordinate is k.
A double rise (resp. double fall ) occurs at a point preceded as well as followed by a rise (resp. fall). A left double rise (resp. left double fall ) occurs at a point preceded by a rise (resp. fall) and followed by either a level step or a rise (resp. fall). The right double rise and the right double fall are defined in an analogous way; see Fig. 2 .
Enumeration according to various parameters
In this section we present several enumeration results, using the generating functions of kcolored Motzkin paths according to length, number of rises and various other parameters.
We will study the parameters To see this, we consider an involution θ of M which is defined as a natural extension of the involution of D used in [6] in order to show that the parameters dr and v are equidistributed in D.
The definition of θ is given recursively: If u = we set θ( ) = . Next, for n ∈ N * and assuming that θ(z) has been defined for each z ∈ M with l(z) < n, we set
It is easy to check by induction that θ is an involution of
Furthermore, we show by induction that
If on the other hand u = awāz for some w, z ∈ M, then
In the same way it can be shown that ldr(θ(u)) = lv(u) and rdr(θ(u)) = rv(u), for each u ∈ M. From the previous discussion we deduce the next result. 
So, we obtain that
¾
For the proof of the next result we need the well-known Vandermonde convolution formula ( [10] 
as well as the formula
(where (−µ) + = max(−µ, 0) and −µ ≤ r.), for µ ≥ 0 ( [10] , (3.48)).
Proposition 3.3 The generating function F lp satisfies the following equation:
(kx
Furthermore the coefficients of the powers F s lp (x, y, t), s ∈ N * are given by the formula
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Proof : Clearly, since F lp (x, y, t) = F (x, y, t, t), equation (5) follows at once from Lemma 3.2.
We now come to find the coefficients of the powers F s lp (x, y, t), for s ≥ 1. For this, we set φ = x(t − 1) and H(x) = xF lp (x, y, t) where y and t are considered as parameters. Using the equation obtained above, we have that
If we set P (λ) = (kφ + 1)yλ 2 + (φy + k)λ + 1 then H(x) = xP (H(x)) and P (0) = 1. Using the Lagrange inversion formula [19] , we obtain that
Furthermore, we have
If we set m = σ − s we obtain that
Applying the previous equality for σ + s instead of σ, after some simple manipulations we deduce that
It As we have already pointed out, it is enough to deal now with the parameters rv, dr and p. Though these parameters can be studied independently using a method analogous to that of the proof of Proposition 3.3, we will investigate them in relation to the parameter lp.
We can easily show that rv is expressed in terms of lp as follows:
Using relation (7) we derive the formula
Furthermore we obtain the following result.
Proposition 3.4 The number of all u ∈ M n,r with γ right valleys is equal to
where 0 ≤ γ ≤ r.
Proof : Let a n,r,γ = , where 1 ≤ γ ≤ r. From proposition 3.3 and relation (8) it follows that
We
From relation (9) we obtain that [x n y r t γ ]F rv = (a n,r,γ+1 + a n−1,r,γ − a n−1,r,γ+1 )k
giving
¾
We now come to the parameters dr and p. We first need the following result, the proof of which is straightforward and it is omitted. 
Clearly, each of the pairs {lp, dr} and {ldr, p} satisfies relation (10), so that from Propositions 3.1, 3.3 and 3.4 we obtain the following result.
Proposition 3.6
The number of all u ∈ M n,r with γ double rises and the number of all u ∈ M n,r with γ peaks are equal respectively to
where 0 ≤ γ ≤ r − 1 and
Remark Notice that if we apply the above formulae for n = 2r we obtain that the number of all Dyck paths with semilength r and γ double rises (resp. peaks) is equal to the Narayana number 
Low peaks and low valleys
A peak (resp. valley) at height 1 (resp. 0) is called low peak (resp. low valley). We denote byp (resp.v) the parameter of M determined by the number of low peaks (resp. low valleys). Low left and low right peaks and valleys, as well as the parameters induced by them are defined similarly. Since each of the pairs {ľp,řp} and {ľv,řv} consists of equidistributed parameters, it is sufficient to considerq when q ∈ {lp, p, v, rv}.
For every such q we consider the set Nq of allq-free k-colored Motzkin paths i.e., Nq = {u ∈ M :q(u) = 0}
and its generating function Gq(x, y) according to length and number of rises i.e.,
Gq(x, y)
In the sequel we find for eachq the formula of Gq, which is used to obtain the generating function Fq.
We start with the parameterľp. If u ∈ Nľ p then u = , or u = β ν z, or u = awāz where w ∈ A, z ∈ Nľ p and ν ∈ [k]. It follows that
and since A(x, y) = x 2 yF 2 (x, y), we finally obtain that 
Proof : For ρ = 0, using relation (11), as well as (2) and (12), we have that
The proof for the case ρ = 0 is similar and it is omitted.
¾
Remark Notice that for s = ρ = 0 and n = 2r we obtain that the number of all u ∈ D r with no low peaks is equal to the Fine number (A000957) f r = ( [7] , (C.6)).
We now proceed to determine Fľ p . It is clear that every u ∈ M can be written uniquely in one of the forms u = w, or u = waāz, or u = waβ ν τāz where w ∈ Nľ p , z, τ ∈ M and ν ∈ [k]. Clearly, since in the second and third caseľp(u) =ľp(z) + 1, we obtain that
and hence
We have the following result.
Proposition 4.2 The number of all u ∈ M n,r with γ low left peaks is given by the formula
Proof : Using lemma 4.1 and relation (13) we obtain that
giving the required result.
¾
Remark Notice that for n = 2r we obtain formula (6.16) of [7] on Dyck paths with γ low peaks.
We now come to the parameterp.
It follows that
and using equation (1) we obtain that
We now have the following result.
Proposition 4.3
The number of all u ∈ M n,r with γ low peaks is given by the formula
Proof
t).
Thus, from relation (14) follows that 1)F (x, y) .
Furthermore, using relation (2) we obtain that
¾
Remark Notice that for n = 2r we deduce that the number of all u ∈ D r with γ low peaks is equal to , thus obtaining a formula equivalent to (6.16) of [7] . Also notice that if, in addition, γ = 0, then we obtain the Fine numbers, as in relation (C.5) of [7] .
Next we deal with the parameterv. It is clear that every u ∈ Nǔ can be uniquely written in the form u = u u , where u ∈ { } ∪ {awā : w ∈ M} and u ∈ { } ∪ {β ν z : z ∈ Nv and ν ∈ [k]}.
Now, since each u ∈ M can be written uniquely in one of the forms u = τ , or u = awāz, or u = τβ ν awāz where τ ∈ Nǔ, w ∈ M, z ∈ A and ν ∈ [k], we can easily deduce from relation (15) that
which gives
Thus,
where g(x, y, t) = 1 + x 2 y(1 − t)F (x, y). Using relation (16) , as well as (2), (4), a version of (12) ([10], (3.3) ) and combinatorial calculus similar to that of the proofs of propositions 4.2 and 4.3 we obtain the following result.
Proposition 4.4
The number of all u ∈ M n,r with γ low valleys is given by the formula
Remark Notice that for n = 2r we deduce that the number of all u ∈ D r with γ low valleys is equal to
, ( [7] , (6.34)). Finally, for the parameterřv, it is clear that every u ∈ Nř v can be uniquely written in the form u = u u , where u ∈ { } ∪ {awā : w ∈ M} and u ∈ {β 1 , β 2 , . . . , β k } * . It follows that
Since each u ∈ M is written uniquely in either of the forms u = τ or u = wz, where τ ∈ Nř v , w ∈ Nř v \ { } and z ∈ A it follows that
Furthermore, we can easily check that
and
By relations (17) , (18) and (19) , it follows easily that
Furthermore, using relations (20) and (12) and proceeding in a way similar to that of the proofs of Propositions 4.2 and 4.3 we obtain the following result.
Proposition 4.5
The number of all u ∈ M n,r with γ low right valleys is equal to
where 0 ≤ γ ≤ r − 1.
Remark We note that for n = 2r we deduce that the number of all u ∈ D r with γ low (right) valleys is equal to γ+1 2r−γ−1 2r−γ−1 r [7] .
High peaks and high valleys
A peak (resp. valley) that is not low is called high peak (resp. high valley). The parameterŝ p = p−p andv = v −v determine the number of high peaks and high valleys, respectively. High left and high right peaks and valleys, as well as the corresponding parameters are defined similarly. As in the case of low peaks and low valleys, it is sufficient to restrict ourselves to the parameters {lp,p,v,rv}. For any such parameter q we have:
Bq(x, y, t) = 1 + kxFq(x, y, t)
and Aq(x, y, t) = x 2 yF q (x, y, t)Fq(x, y, t).
It follows that
Fq(x, y, t) = 1 + kxFq(x, y, t) + x 2 yF q (x, y, t)Fq (x, y, t) and hence Fq(x, y, t)
Using a similar technique to that of the proof of relation (6), we can find formulae for the powers F s q , s ∈ N * , where q ∈ {rv, v, p}:
where 0 ≤ γ ≤ r. We close by presenting a combinatorial proof of the above result. For this we need the following lemma which extends a result for Dyck paths [12] to k-colored Motzkin paths.
Lemma 5.4 For each i ∈ N there exists an involution
where p i (u), v i (u) denote respectively the number of peaks and valleys of u at height i.
Proof : For each path u ∈ M we define the path ψ i (u), by turning each peak (j, i + 2) of u into a valley (j, i) and each valley (j, i) of u into a peak (j, i + 2). The remaining points of u are fixed; see Fig. 3 . 
¾
In Fig. 4 the main steps of the generation of ψ(u) are exhibited for a particular u. 
